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A theorem on semi-simple ?T-adic groups By J. A. SHALIKA Let k be a non-archimedean local field and G a connected, semi-simple algebraic group defined over k. If G = G(k) denotes the group of k-rational points of G, then G, with its natural topology, is locally compact. Let G' and V denote respectively the sets of regular and unipotent elements of G, and let Cc(G) denote the space of locally constant, complex valued functions on G having compact support. For x E G' U V, let G(x) denote the conjugacy class of G containing x. G(x) carries an essentially unique G-invariant measure Pa (? 1.2). Fix a normalization of pa. For f E Cc(G) and x as above, let If(X) = 5fd2. G(x) It is known [5(c) ] that the integral converges for x regular. It has been conjectured by Harish-Chandra that the integral also converges for x unipotent. We verify this by direct computation for G = SL2 (? 1.2). The general results described below depend on this conjecture and we assume it throughout. ' The main purpose of this paper is the study of the function If. We consider the following problem.
For x E G', determine the behavior of If(x) as x approaches the singular set (that is, the complement of G' in G). We show in the present paper that If has, in the precise sense defined below, an asymptotic expansion in terms of the integrals AO(f) 5 f du of f over the unipotent conjugacy classes O. (For e = {1}, the trivial class, we may assume that A0(f) = f (1) .) The coefficients rF(x) (x E G') in this expansion are independent of L The functions re are determined explicitly only in the case G = SL2. We believe that the explicit determination of these functions in the general case is desirable for the following reasons.
(a) Firstly, one expects a formula for f(1) obtained from the values of If on G'. We present some heuristic evidence (?2.2), involving the Steinberg representation of G, to the effect that, for e {1} and x elliptic, re(x) may be expressed in a simple fashion in terms of invariants of the affine Weyl group, W,, of G. The importance of such a formula as a step in proving the Plancherel formula for real groups is well known. It was suggested by HarishChandra that a similar formula could play an important role in the p-adic case as well.
(b) Secondly, by taking f to be a matrix coefficient of a representation fI of G of compact support, one expects to obtain an explicit formula for the character of II near the identity on each compact torus. The leading term in this formula should be expressed in a simple fashion in terms of the formal degree of II and invariants of W,. This, of course, agrees with the explicit form of such characters when G = SL2 [12(a)].
We outline how explicit expressions for the functions re lead to a proof of the Plancherel formula for G = SL2, (assuming k of odd characteristic). Let G denote the set of equivalence classes of irreducible, unitary representations of G. For II E G acting on a Hilbert space 9, let 11(f) denote the operator on 9 associated to fe CC(G). It is known [5(c)], [6] , [12(a) ], that H(f) is of trace class. Let f(11) = trace 11(f). f is called the Fourier transform of f. For i E G, let h = h(11) denote the conductor of 11 [12(a) ]. Let dil denote the Plancherel measure on G. Put
where Gh denotes the set of II E G having conductor less than or equal to h. A simple formula for Ah, which is a locally integrable function on G, is given in [12(b) ]. By using Weyl's integration formula (? 1.1), it is easily seen that the formula limha A Ah(f) =f (1) is equivalent to the formula (T) |(T I D(t) I re(t)Ah(t)dt = 0 for e unipotent of positive dimension and h sufficiently large, together with the knowledge of re for 0 = {1}. In this last formula, the sum is extended over the equivalence classes of maximal tori in G, and D(t) is the well-known discriminant. For the case of general G, one may have to guess the formula for Ah The above identity (*) then gives a necessary condition that such functions converge to the delta distribution.
The results of this paper will be applied elsewhere to a detailed study of the Fourier transform on SL2 over a non-archimedean local field [13] .
The author would like to take this opportunity to express his sincere appreciation to Harish-Chandra for his encouragement and suggestions over the last several years. Many of the results described here. grew out of conversations concerning his work on invariant distributions in both the real and p-adic cases. I refer especially to his lectures on p-adic groups [5(c) ].
Let G be a connected semi-simple algebraic group defined over a nonarchimedean local field k. Let V denote the set of k-rational unipotent elements of G.
Throughout the paper we will make various assumptions concerning the set V. They have been verified, by several authors, for char(k) = 0. The assumptions will be stated in this paragraph and referred to when appropriate. We will also discuss under what conditions they are known to be true. The assumptions are as follows:
(Ul) For all x0 E V, the morphism
This is obvious for char(k) = 0. It is false for SL2 in characteristic two.
(Ul) will be assumed throughout the paper. Let G = G(k) denote the group of k-rational points of G. G has the natural structure of a locally compact group. For x0 E V, let ZG(xO) denote the centralizer of x0 in G. ZG(xO) is a closed subgroup of G.
(U2) ZG(xO) is unimodular.
For char(k)= 0, this has been observed by Harish-Chandra. For a proof and a detailed discussion of when the second assumption has been verified in general, we refer to the article of Springer-Steinberg in [3] . For further discussion see also [11] , [16] . For Z,(x0) unimodular, the homogeneous space G/Z,(x0) carries an invariant measure. Denote this measure by dx*. Let x* denote the canonical image of an element x of G in G/ZG(xo)
converges for all f E Cc(G). It follows directly from Kostant [7] and Borel-Serre [2] , that this assumption is true in characteristic zero. It is false for SL2 in characteristic two. In this section, G = G(k), the group of k-rational points of a connected semi-simple algebraic group G defined over a non-archimedean local field k. We apply the above result in two cases.
First application. Let G be a connected semi-simple algebraic group defined over k and let 2 = Lie (G). Let x0 be a k-rational unipotent element of G. Let the morphism (x0): G -G be defined by p(x0)(g) = gxg-1 (g G G).
The kernel, Z(x0), of the tangent map dp(x0) at any point of G is seen to be the set of D E 2 satisfying Ad(x0) D = D. Let ZG(xO) denote the centralizer of xO in G. Then (assuming (Ul)) one has [1] (1. Let J be a coordinate neighborhood of x0 in G, and let x1, * X, be the coordinate functions. Suppose that G(xO) is defined in J by the equations x1 = x2 = *.* = XI = O. Choose U a local analytic submanifold of G containing the identity so that x0U is defined by x, = 0.. = Xh = O. Consider the map 7 of G x U into G defined by 7r(x, u) = x(xou)x-1 (x E G, u E U). We may identify the tangent space at any point of U with a subspace U of (X. With these identifications, we find that d, the jacobian of 7r, evaluated at (x, u) in G x U is given by
As in [5(a)], we have PROPOSITION 1.1.3. There exists a local submanifold U' of U so that d is surjective for x E G, u E U'.
Let Ml = G x U' and let 7w also denote the restriction of 7w to M1. Let co be an (analytic) form on G so that I o I is a Haar measure dx on G. We set du = dx, A A. A dx, and co), = c x du. If M2= Q denotes the image of 7r, then, by Proposition 1.1.3, M, is an open submanifold of G. We let co2 denote the restriction of co to M2 Second application. Let T be a maximal k-torus in G, and let T= T(k). Put T' = Tn G'. For t e T, let D(t) denote the determinant of 1 -Ad(t) acting on G/Lie(T). T' is defined by the equation D(t) # 0, and hence is an open submanifold of T. Let N(T) denote the normalizer of T in G, and let WT denote the finite group N(T)/T. Let M1 = G/T x T'. For x E G, let x* denote the image of x under the canonical map from G to GIT. Now define 7w from M, to G by setting 11(x*, t) = xtx-'. 7w is well-defined. Choose Co* and oT, differential forms on GIT and T' respectively, so that CO* dx* is an invariant measure on G/T, and I cT I is the restriction to T' of a Haar measure dt on T. We may assume that dx = dx*dt. In this case, it is known and easily verified that the jacobian of 7w at (x*, t) is j D(t) l. Thus 7w is submersive. The image, M2, of M, under 7r, which we also denote by ( 
The map a v-. fa of Cc (G x U') into Cc (Q) is surjective and Supp faG w(Supp a). Moreover, if F is locally integrable on Q, then the map (x, u) v-. F(x(xou)x-'), (x E G, u E U'), defines a locally integrable function on G x U' and (1.1.5) holds in this case.
(2) For all a E Cc (G/T x T'), there exists a unique function fa EG Cc((T')G) such that
The map a v--fi of CcG G/T x T') into Cc ((T')G) is surjective and Supp fi C 7r(Supp a). Moreover, if Fis locally integrable on (T')G, then the map (x*, t) H F(xtx-1), (x E G, t E T'), defines a locally integrable function on G/T x T' and (1.1.6) holds in this case. where ,0 e CP( U') is defined by /Ja(u) = a(x, u)dx, (u e U'). where 80t e Cc (T') is defined by /5'a(t) = |a(x*, t)dx*, (t e T') GI T
In both (1) and (2) above, AA = 0 implies that A = 0.
The expression for S, may be made more explicit by using
Weyl's Lemma. Suppose that dx, dx*, and dt are normalized so that dx = dx*dt. Then, for any integrable function f on (T')G,
The proof follows from the explicit form of the jacobian of 7w in this case.
Using Weyl's Lemma and taking F to be a locally integrable class function in part (2) where dx* is the measure appearing in Weyl's Lemma.
Throughout the remainder of the paper, we assume that the measures dx, dx*, and dt are normalized as in Weyl's Lemma.
MEASURES ON CONJUGACY CLASSES
In this paragraph, we associate to each regular or unipotent conjugacy class in G (see assumptions below) an essentially unique distribution on G. We also determine all invariant distributions on G with support in the set V of unipotent elements.
Let x, be a regular or unipotent element in G. As in ? 1.1, let G(x0) denote the conjugacy class in G containing x0, and let ZG(x0) denote the centralizer of X0 in G.
G(xO) is locally closed (? 1.1) and is therefore locally compact. Hence, by Arens' Theorem [9] , G/ZG(xO) and G(xO) are homeomorphic. Let P be the Borel measure on G(xO) obtained by transporting an invariant measure dx* on G/ZG(xO). We quote a result of Harish-Chandra [7(c)] which states that, for verges.
Proof. For x0 = 1, the proposition is trivial. We may therefore assume by conjugation that x0 is of the form (1 j) where C e Vc. Let r denote the ring of integers in k and put K = SL2(r). Let A denotes the group of diagonal matrices in G and N the subgroup of elements of the form (j $) for~ e Ek. Let dK, da, and dn denote Haar measures on K, A, and N respectively. It is well known that G -KAN, and, for f integrable on G,
provided a is of the form (0 ?-), X e kx, and dx is some Haar measure on G.
It follows readily that, if a is a function on G satisfying a(xn) = a(x), x E G, n e N, and a is integrable on GIN, then For any unipotent or regular conjugacy class (9, fix xo e () and ,ce an invariant measure on e as above. Assuming (U2) and (U3) we define, for fE Cc-(G),
A0 is an invariant distribution on G with support in the closure (' of (9. Assume (Ul) and (U4). We then have the following result. (1) f = 0 for all but finitely many i e I, (2) f = Ye GI fi Proof. We may assume without loss of generality that f is the characteristic function of a compact open set S, that I is finite, and that each Vi is contained in S. S is a compact manifold and, hence, is the disjoint union of a finite number of balls. We may therefore assume that S is a ball in Euclidean space.
Suppose that S = V1 U V2 where V, and V2 are open. Take x e S. If x e V1, let B(x) be a ball containing x and contained in V1. If x ? V1, let B(x) be a ball containing x and contained in V2. We have UxeS B(x) = S. Select a finite subcover B1, * * *, B,. We may assume that B. f B3 = 0 for i = j. Thus S = US= Bi (disjoint union). Suppose that B1, * , B, are contained in V1 and at. Then f1 and f2 are in Cc (S), ff1 + f2, and fi has support in Vi (i = 1, 2). This proves the lemma in this case. The general case follows by a simple induction.
Assume (Ul) and (U4). Then we have LEMMA 1.2.6.2 Let C0 be a unipotent conjugacy class. Let C' denote the closure of C0. If C is a conjugacy class in G contained \0\C0, then dimk 0 < dimk 00.
Proof. Fix xO e C0. Let G(xo) denote the image of xO under 9(xo), that is, the G conjugacy class containing xO. Let CL G(xo) denote the Zariski-closure of G(xo) in G. Then G(xo) is a smooth variety which is open in CL G(xo) [1] . Moreover, the algebraic dimension of any G orbit in CL G(xo)\G(xo) is smaller than that of G(xo).
Decompose G(xo)(k) into G orbits:
where 00= G(x0). By (U4), the (disjoint) union is finite. From the fact that 9(x0) is submersive, it follows that the induced map G(k) v--G(x0) 
Asymptotic expansion of Ff
In this section we obtain a limiting relation between distributions supported on G' and those supported on V. In the case when G = SL2 and k has odd residual characteristic this result will be applied elsewhere to derive the Fourier transform of a distribution with support in V from that of a distribution with support in G'. In particular, one finds an expression for f(I) from the values of If on G' [13] . This is similar in spirit to the result of HarishChandra for real semi-simple Lie groups.
GERMS OF FUNCTIONS
In order to state the main result of this paper, we must first define the germ of a function near 1 on a maximal torus in G. As above, let G be a semi-simple group defined over k. If p is a fixed k-rational faithful linear representation of G, and t is an indeterminate, then
Each P3 is a regular function on G defined over k, and PNl1(X) = PN2(X) = P0(x) 0 0 if and only if x is unipotent. Let P denote the map of G into kN defined by T, and put Td = T0 nGd. Two complex valued functions, r1, and J2, defined on Td, and Td2 respectively, are called equivalent if they have the same restriction to Td1 n T'2. An equivalence class defined by this last relation is called the germ of a function on T'. If f is a complex valued function on T', we denote the germ of f by {f}.
In the remainder of this paragraph we will assume (Ul) through (U4).
THEOREM 2.1.1.3 Let T be a naximal torus in G. Then there exist unique germs {rF} on T' in one-to-one correspondence with the unipotent classes 0, and depending only on T, such that, for all f e Cc(G), {FfJ} = {1}Al(f) .
Let so > s1 > ... > SN be the dimensions of the various unipotent classes.
Let s be one of these integers. In the following, we shall deal with a family of distributions As, t e T', satisfying the following condition:
for all f e Cc(G) vanishing on Vs, there (2. 1.2) exists an integer d, possibly depending on f, so that As(f) = 0 for all t E Td'.
Let 0 be a unipotent class of dimension s. Choose Qua open in G of the form r(G x UO) so that Q2 n VS = O. Let oas, t e T', be the distribution on UO associated with As,.
LEMMA 2.1.3. Fix 8 e Cc (UO) such that fl(1) 0. Then there exists an integer d0, possibly depending on fi, so that ao(f) 0 for all t e Td0.
Proof. Take ,8 as in the hypothesis. Since ,8 is locally constant, 1 X Suppfl. Take y e Cc(G) so that 5dx = 1. Put a = y x 6' and set f = fa. Then In this paragraph, we determine explicitly the germs {J7O}, defined in ?2.1, in the case G = SL2. We assume that the characteristic of k is not two.4
Let N and N-denote the subgroups of G consisting of elements of the form (1 x) and (1 0), xe k, respectively. Then V = NG. For x0 in N, it is easily seen that we may take the local submanifold U' (? 1.1) to be N-. As above, let Q = Q(xo) denote the set of elements in G of the form xxonx-1 (x e G, neN-). LetT =T' nQ. The proof is contained in the following lemmas.
For t e To, we may write t = xx0nx-' (x e G, n e N-). It is easy to see that, given t, n is unique. Let n = n(t). By direct computation, one sees that for t1, t2 e Te, n(t1) = n(t2) if and only if there exists w e WT such that t1 wt2w-1 (see the proof of the lemma below). Thus we obtain an analytic map from T@/WT into a subset N7 of N . The jacobian at t e To is seen to be cr I D(t) 11/2, where CT is a positive constant [13] . Therefore, the above mapping is an analytic isomorphism. where the integration may be taken over those n satisfying x,,n e Gd. Since re is invariant by the action of W, on T', we may extend it to a function on(T,)G; Consequently, c; = csg-1, and the lemma is proved.
The fact that {Fl} =-AT{I D 1/2} follows from the explicit form of Ff} for special f e Cc(G) [12(b) ], [13] .
In the remainder of this paragraph, we give heuristic evidence to support .a conjectural formula for ]e0 when G is connected, semi-simple and C = {1} is -the trivial class. For simplicity, we assume that G is split and refer to [8] for the more general case. As in [15] , let fl = fl, be the Steinberg representation of G associated with the trivial character X. Then d(fl), the formal degree of H, is given by d(fl)-' = meas(B) CG, where B is an Iwahori subgroup and C0 depends only on the affine Weyl group of G. Let (p be a B-finite matrix coefficient of l((p(l) = 1). In general q' does not have compact support.
It is reasonable to expect that H has a character he given by on(X) = d(H)| (p(yxy-')dy , for x elliptic. Moreover, by analogy with the formula of Curtis [4] for the Steinberg character of a finite B-N pair, we expect that, for x elliptic, e11(x) -(-_ ), where r is the rank of G.6 Thus, formally (assuming the asymptotic formula for qA), we have k any non-archimedean local field (char k # 2), by using the results of [13] .
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